Given the increasing interest for non-reciprocal materials, we propose a novel acoustic imaging method for layered non-reciprocal media. The method we propose is a modification of the Marchenko imaging method, which handles multiple scattering between the layer interfaces in a data-driven way. We start by reviewing the basic equations for wave propagation in a non-reciprocal medium, reorganise these into a compact matrix-vector formalism, and use this to derive two propagation invariants for non-reciprocal media. These propagation invariants form the basis for deriving the modified Marchenko method, which retrieves the wave field inside the non-reciprocal medium from reflection measurements at the boundary of the medium. With a numerical example we show that the proposed method is capable of imaging the layer interfaces at their correct positions, without artefacts caused by multiple scattering.
2013; van der
). Here we modify Marchenko imaging for non-reciprocal media. We restrict ourselves to 1D inhomogeneous media, but the proposed method can be generalised to 2D and 3D inhomogeneous media in a similar way as has been done for reciprocal media in the aforementioned references.
ACOUSTIC WAVE EQUATION FOR A NON-RECIPROCAL MEDIUM
For simplicity we approximate elastic wave propagation by an acoustic wave equation. Hence, we only consider compressional waves and ignore the conversion from compressional waves to shear waves and vice versa. This approximation is often used in reflection imaging methods and is acceptable as long as the propagation angles are moderate. For the derivation of the basic equations for a non-reciprocal medium we follow Nassar et al. (Nassar et al. 2017) , who consider wave propagation in a phononic crystal of which the stiffness and mass density are modulated in a wave-like fashion, but we simplify their elastic equations to acoustic equivalents. Consider a coordinate system x = (x 1 , x 2 , x 3 ) that moves along with the modulating wave. The positive x 3 -axis is pointing downward. We start with the following two equations in the space-time (x, t) domain
Operator ∂ t stands for temporal differentiation and ∂ i for differentiation in the x i -direction.
Latin subscripts (except t) taken the values 1 to 3. Einstein's summation convention applies to repeated Latin subscripts, except for subscript t. Equation (1) formulates equilibrium of momentum in the moving coordinate system (leading order terms only), where p j = p j (x, t) is the momentum density and σ = σ(x, t) the acoustic pressure. Equation (2) relates the cubic dilatation Θ = Θ(x, t) (leading order) to the particle velocity v i = v i (x, t). All field quantities in equations (1) and (2) are macroscopic quantities. The macroscopic constitutive equations are defined as
j Θ + ρ jk v k .
Here K = K(x) is the compression modulus, ρ jk = ρ jk (x) the mass density, and S
j (x) are coupling parameters. All these coefficients are effective parameters. They are time-independent because they are defined in the coordinate system that moves along with the modulating wave. Note that the effective mass density is anisotropic, even when it is isotropic at the micro scale. For a lossless non-reciprocal material, the medium parameters are real-valued and obey the following symmetry relations
We rewrite the constitutive equations (3) and (4) into explicit expressions for Θ and p j , as
where
with ρ o jk = ρ o kj . Substitution of the modified constitutive equations (6) and (7) into equations (1) and (2) gives, after some reorganisation of terms,
We obtain the wave equation for the acoustic pressure σ by eliminating the particle velocity v i from these equations. To this end, define ϑ ij as the inverse of ρ o jk , hence, ϑ ij ρ o jk = δ ik . Note that ϑ ij = ϑ ji . Apply ∂ t to equation (11) and (∂ i + ξ i ∂ t )ϑ ij to equation (12) and subtract the results. This gives
MATRIX-VECTOR WAVE EQUATION
From here onward we assume that the medium parameters are functions of the vertical coordinate x 3 only, hence κ = κ(x 3 ), ρ o jk = ρ o jk (x 3 ) and ξ i = ξ i (x 3 ). We define the Fourier transform from the space-time (x, t) domain to the slowness-frequency (s α , ω) domain as
where s α denotes the horizontal slowness, ω the angular frequency and i the imaginary unit.
Greek subscripts take on the values 1 and 2 and Einstein's summation convention applies to repeated Greek subscripts. Note that equation (14) accomplishes a decomposition into monochromatic plane waves. We derive a matrix-vector wave equation of the following form
with wave vectorq =q(s α , x 3 , ω) defined as
Equation (15) is well-known for wave propagation in reciprocal media (Gilbert & Backus 1966; Frasier 1970 ).
For non-reciprocal media, matrixÃ is obtained as follows. From equation (11) we extract an expression for ∂ 3 v 3 . Applying ϑ −1 33 ϑ 3j to equation (12) yields an expression for ∂ 3 σ. By applying ϑ αj to equation (12) we obtain an expression for ∂ t v α . We use equation (14) to transform these three expressions to the slowness-frequency domain. In the transformed expressions, ∂ t is replaced by −iω and ∂ α by iωs α for α = 1, 2. After elimination ofṽ α we thus obtain equation (15), with matrixÃ =Ã(s α , x 3 , ω) defined as
DECOMPOSITION
We introduce a decomposed wave vectorp =p(s α , x 3 , ω) viã
withũ + andũ − to be discussed later. We derive a wave equation forp, following the same process as for reciprocal media (Kennett & Kerry 1979; Kennett & Illingworth 1981) , modified for non-reciprocal media. The eigenvalue decomposition of matrixÃ reads wherẽ
with
Here λ ± is the vertical slowness for downgoing (+) and upgoing (−) waves, see Figure 1 for an illustration. Substituting equations (21) and (23) into equation (15), we obtain
or, using equations (24) − (26),
with λ ± defined in equations (27) and (28), and
From the structure of equations (29) and (31) it follows thatũ + andũ − , introduced in equation (22), are downgoing and upgoing waves, respectively. Their propagation is governed by the diagonal elements of matrixB and their mutual coupling by the off-diagonal elements of this matrix.
PROPAGATION INVARIANTS
We consider two independent solutionsp A andp B of wave equation (29) and show that specific combinations of these wave vectors (or "states") are invariant for propagation through the medium. Propagation invariants have been extensively used for wave fields in reciprocal media (Haines 1988; Kennett et al. 1990; Koketsu et al. 1991; Takenaka et al. 1993 ). To derive propagation invariants for non-reciprocal media, we introduce an adjoint medium, in which the coupling parameter ξ i is replaced by −ξ i for i = 1, 2, 3. The wave vectors and matrices in an adjoint medium are denoted byp (a) andB (a) , respectively. Using the definition of matrix B in equation (31), with λ ± defined in equations (27) and (28) and r in equation (32), it follows thatB obeys the following symmetry relations
Superscript t denotes transposition and † denotes transposition and complex conjugation. Equation (33) holds for all s α , whereas equation (34) only holds for those s α for which s 3 defined in equation (28) is real-valued, i.e., for (
corresponds to propagating waves, whereas imaginary-valued s 3 corresponds to evanescent waves. We consider the quantities ∂ 3 ({p
. When the arguments of functions are dropped, it is implicitly assumed that functions in the adjoint medium, indicated by superscript (a), are evaluated at (−s α , x 3 , ω). Applying the product rule for differentiation, using equation (29) and symmetry relations (33) and (34), we find (40) and (41).
The medium in state A is a truncated version of the actual medium in state B.
and
Whereas equation (36) holds for propagating and evanescent waves, equation (37) 
respectively, where superscript * denotes complex conjugation and x 3,0 and x 3,A denote two depth levels.
GREEN'S FUNCTION REPRESENTATIONS
We use the propagation invariants of equations (38) and (39) to derive Green's function representations for the Marchenko method in non-reciprocal media. The derivation is a modification of that for reciprocal media (Wapenaar et al. 2013; Slob et al. 2014 ). We let x 3,0 denote the upper boundary of a 1D inhomogeneous non-reciprocal lossless medium and x 3,A an arbitrary depth level inside this medium. We assume the medium above x 3,0 is homogeneous. , x 3,0 , x 3,A , ω) . The argument x 3,A of the focusing function denotes the focusing depth. The response of the focusing function at the focusing depth is by definition equal to 1, henceũ
The focusing function is defined in a truncated version of the actual medium, which is identical to the actual medium between x 3,0 and x 3,A , but homogeneous below x 3,A . Hence, the upgoing part of the focusing function at x 3,A is absent, i.e.,ũ
The upgoing field in state A at x 3,0 is the upgoing part of the focusing function at that depth,
. Substituting these quantities into equations (38) and (39) gives
andG
respectively. These representations express the wave field inside the non-reciprocal medium in terms of reflection measurements at the surface of the medium. These expressions are similar to those in reference (Slob et al. 2014) , except that the focusing functions in equation (40) are defined in the adjoint medium. Therefore we cannot follow the same procedure as in (Slob et al. 2014 ) to retrieve the focusing functions from equations (40) and (41). To resolve this issue, we derive a symmetry property of the reflection responseR(s α , x 3,0 , ω) and use this to obtain a second set of representations. For the fields at x 3,0 in states A and
(s α , x 3,0 , ω) = R(s α , x 3,0 , ω). Substituting this into the left-hand side of equation (38) yieldsR(s α , x 3,0 , ω) − R (a) (−s α , x 3,0 , ω). This time we replace x 3,A at the right-hand side of equation (38) by x 3,M , which is chosen below all inhomogeneities of the medium, so that there are no upgoing waves at x 3,M . Hence, the right-hand side of equation (38) is equal to 0. Consequentlỹ
We obtain a second set of representations by replacing all quantities in equations (40) and (41) by the corresponding quantities in the adjoint medium. Using equation (42), this yields
respectively.
MARCHENKO METHOD FOR NON-RECIPROCAL MEDIA
In the previous section we obtained four representations, which we regroup into two sets.
Equations (41) and (43) form the first set, containing only focusing functions in the truncated version of the actual medium. The second set is formed by equations (40) and (44), which contain only focusing functions in the truncated version of the adjoint medium. All equations contain the reflection responseR(s α , x 3,0 , ω) of the actual medium.
We now outline the procedure to retrieve the focusing functions and Green's functions from the reflection response, using the Marchenko method. The procedure is similar to that described in reference (Slob et al. 2014) . For details we refer to this reference; here we emphasize the differences. The first set of equations, (41) and (43), is transformed from the slowness-frequency (s α , ω) domain to the slowness intercept-time domain (s α , τ ) domain, using the inverse Fourier transform
Using time windows, the Green's functions are suppressed from these equations. Because one of the Green's functions is defined in the actual medium and the other in the adjoint medium, two different time windows are needed, unlike in the Marchenko method for reciprocal media, which requires only one time window. Having suppressed the Green's functions, we are left with two equations for the two unknown focusing functions f + 1 (s α , x 3,0 , x 3,A , τ ) and f − 1 (s α , x 3,0 , x 3,A , τ ). These can be resolved from the reflection response R(s α , x 3,0 , τ ) using the Marchenko method. This requires an initial estimate of the focusing function f + 1 (s α , x 3,0 , x 3,A , τ ), which is defined as the inverse of the direct arrival of the transmission response of the truncated medium. This direct arrival can be derived from a background model of the medium. Once the focusing functions have been found, they can be substituted in the time domain versions of equations (41) and (43), which yields the Green's functions G + (s α , x 3,A , x 3,0 , τ ) and G −(a) (−s α , x 3,A , x 3,0 , τ ). Note that only the retrieved downgoing part of the Green's function is defined in the actual medium. Therefore the procedure continues by applying the Marchenko method to the time domain versions of equations (40) and (44).
This yields the focusing functions f +(a) 1 (−s α , x 3,0 , x 3,A , τ ) and f −(a) 1 (−s α , x 3,0 , x 3,A , τ ) and, subsequently, the Green's functions G +(a) (−s α , x 3,A , x 3,0 , τ ) and G − (s α , x 3,A , x 3,0 , τ ) . Here the retrieved upgoing part of the Green's function is defined in the actual medium. This completes the procedure for the retrieval of the downgoing and upgoing parts of the Green's functions in the actual medium at depth level x 3,A for horizontal slowness s α . This procedure can be repeated for any slowness corresponding to propagating waves and for any focal depth
Finally, we discuss how the retrieved Green's functions can be used for imaging. To this end, we first derive a relation between these Green's functions. We consider a modified version of equation (38), with x 3,0 and x 3,A replaced by x 3,A and x 3,M , respectively, where x 3,M is again chosen below all inhomogeneities of the medium. For state B we choose the retrieved Green's functions at these two depth levels, hence,ũ
For state A we consider a truncated version of the medium, which is homogeneous above x 3,A . We consider a unit downgoing plane wave incident to the truncated medium at x 3,A , henceũ + A (s α , x 3,A , ω) = 1. Its upgoing response at x 3,A is the reflection response of the truncated medium, hence,
Its upgoing response at x 3,M is zero, i.e.,ũ − A (s α , x 3,M , ω) = 0. Making these substitutions in the modified version of equation (38), using equation (42)
Inverting this equation yields an estimate of the reflection response, according to
Imaging at x 3,A involves selecting the τ = 0 component of the inverse Fourier transform of R (s α , x 3,A , ω) , hence
Substituting equation (47), stabilising the division (and suppressing the arguments of the Green's functions), we obtain 
NUMERICAL EXAMPLE
We consider propagation in the (x 1 , x 3 )-plane, hence, in the Fourier transform (equation (14)) we set s 2 = 0. Furthermore, we assume ρ 12 = ρ 32 = 0 and ξ 2 = 0. Equations (27) and (28) thus simplify to
We consider a non-reciprocal medium consisting of four layers and a homogeneous half-space below it. The layer parameters are shown in Figure 3 . Using a slowness-frequency domain modelling method (Kennett & Kerry 1979) , adjusted for non-reciprocal media, we model the responses to tilted downgoing plane waves at x 3,0 = 0, for a range of horizontal slownesses s 1 .
The result, transformed to the slowness intercept-time domain (by means of equation (45)), and convolved with a wavelet with a central frequency of 600 kHz, is shown in Figure 4 (a). To emphasize the multiples (only for the display), a time-dependent amplitude gain, using the function exp{2τ /375µs}, has been applied. Note the asymmetry with respect to s 1 = 0 as a result of the non-reciprocity of the medium.
We define the focal depth in the fourth layer, at x 3,A = 13.5 cm. Using the Marchenko at the focal depth x 3,A at τ = 0, indicated by the arrow just below the dashed line. This focused field acts as a virtual source for downgoing waves and the response to this virtual source is also seen in this figure. Note the different angles of the downgoing and upgoing waves directly left and right of the dotted vertical line in the fourth layer. This is a manifestation of the non-reciprocity of the medium. Note that Figure 5 , for which we needed a model of the medium, is only included for visualisation of the focusing property of the focusing function.
Using the reflection response and the retrieved focusing functions, we obtain the Green's functions G + (s 1 , x 3,A , x 3,0 , τ ) and G − (s 1 , x 3,A , x 3,0 , τ ) from the time domain versions of equa- We have introduced a new imaging method for layered non-reciprocal materials. The proposed method is a modification of the Marchenko imaging method, which is capable of handling multiple scattering in a data-driven way (i.e., no information is required about the layer interfaces that cause the multiple scattering). To accommodate the non-reciprocal properties of the medium, we derived two sets of representations for the Marchenko method, one set for the actual medium and one set for the adjoint medium. Using a symmetry relation between the reflection responses of both media, we arrived at a method which retrieves all quantities needed for imaging (focusing functions and Green's functions in the actual and the adjoint medium) from the reflection response of the actual medium. We illustrated the method with a numerical example, demonstrating the improvement over standard primary imaging methods.
The proposed method can be extended for 2D and 3D inhomogeneous media, in a similar way as has been done for the Marchenko method in reciprocal media.
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